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Suppose that we want to view a particular region in the plane which is delimited by some number
of curves. In particular, suppose that we are interested in the region in the first quadrant (x> 0 and
y = 0) bounded by the curves x < y < 4x - x>. We can use the RegionPlot command to get a good idea
what this region looks like. A little work shows us that that the curves y =x and y = 4x - x? intersect
atthe origin and (3, 3).

Reg'ionP'Lot[x sys4x-x"2,{x, 0, 3}, {y, 0, 4}, FrameLabel > {x, y}, PlotPoints -» 100]

4+

0.0 0.5 1.0 1.5 2.0 25 3.0

X

Notice that the range of y was chosen so that we can see the entire region (you may need to do a
little trial and error to get all of your given region). Hopefully the FrameLabel option is self-explana-
tory. The PlotPoints option ensures that Mathematica plots enough points to give us a decent view
of the region in question. If your region has a fairly sharp corner, the default setting for PlotPoints
may not give you a good picture.

If we want to integrate the function f(x, y) =x? y> + 2xy + 3 over this region, it is easiest to integrate
in the order dy dx since the top and bottom curves are the same over the entire area.

Integrate[x"Z*y"3 + 2X*y+3, {x, o, 3}, {y, X, 4x—x"2}]
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Note the order inside the integrate command. The first range, {x, 0, 3}, is the limits for the OUTER
integral in your double integral. The second range, {y, x, 4x - xA2}, is the limits for the INNER inte-
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gral. If you reverse these in the command, you will not get the right answer! In fact, you’ll be left
with a function of x (which is clearly the wrong answer).

If we wanted, we could have integrated in the order dx dy, but this involves breaking the integral
into two pieces: 0<y <3 and 3<y<4. Notethaty=4isthey-coordinate of the vertex of the
parabola (which is why it is the upper limit of the second interval). In order to do the integral in this
order, we need to solve y = 4x - x> for x. We could do this by completing the square. Or, we can let
Mathematica do the work for us!

So'Lve[y ==4x-x"2, x]
{{x—>2— 4—y}, {x—>2+ 4—y}}

Note thatx=2- 4/4 - y is the half of the parabola to the left of the vertex while x=2 + \/E is
the portion to the right. So, on theinterval 0 <y < 3, we see thatxisintherange 2- 44 - y <xxgy.
Over 3 <y <4, xtakesonthevalues2- \/m <Xg2+ \/m So, we should get the same
answer by adding the two integral of f = f(x,y) over these regions.

Integrate[x/\z*yl\s + 2X*xy+3, {y, 0, 3}, {x, 2-5Sqrt[4-yl, y}] +
Integrate[x"2xy"3 + 2xxy+3, {y, 3, 4}, {x, 2-Sartl4-y], 2+Sartl4-y]}|
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Suppose that we are interested in the polar region enclosed by r=2( 1+ cos (6) ) over the angle 0 <
6 < 25t. We can plot this region using the PolarPlot Command.
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Po'LarP'l.ot[z (1+Cos[6]), {6, 0, 2P}, AxesLabel - {x, y}, PlotStyle - B'Lue]

This shape is known as a cardioid due to its similarity to a standard drawing of a heart. We could
have also gotten a shaded version of this region using RegionPlot if we convert the polar coordi-
nates back to Cartesian. It’s easier to do this if we multiply through by r.

r=2(1+cos(8))

r? =2 (r+rcos(6))

X2+ y?=2(A X2 +y2 +x)
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In[+]:= Reg'ionP'Lot[G S xM2+yh2< 2(Sqrt[x’\2+y’\2] + x),

{x, -1, 5}, {y, -3, 3}, FrameLabel - {x, y}, PlotPoints » 100]
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If we want to integrate f(x,y) = 5x2 - 3xy + 4y? over this region, we first have to convert the function to
polar.

f(x,y) = 5x% - 3xy + 4y?

f(r,08) = 5r* cos® 8 — 3r*sinBcosO +4r*sin? 0

f(r,0) =4r? + r* cos? 6 - 3r*sin6cos6

When you set up the integral, remember that dx dy = r dr d6. Mathematica WILL NOT automatically
supply the extra factor of r. You must put it in manually.

In[e J:= Integrate[(4 rA2 + rA2%Cos[]"2-3rr2%SH n[a]*Cos[a])* r,
{6, 0, 2+Pi}, {r, 0, 2 (1+Coslé)}]
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